The possibility of the "invisible" axion being cold dark matter relies on the acceptable estimates of the current axion energy density. The estimate depends on the nature of QCD phase transition at a few hundred MeV and the evolution of the misalignment angleθ . The onset ofθ oscillation undergoes a bottleneck period which occurred during the QCD phase transition. In addition, the anharmonic coupling of order a 4 affects theθ evolution. From the time that the anharmonic effect is negligible, it is rather simple to calculate the ratio ofθ 's between early and late times. For multi GHz oscillations, the current age of the Universe needs at least 10 27 oscillations which limits an exact calculation ofθ . We establish a stepwise approximation for numerical solutions of the differential equation and obtainθ now/θ f ≈ 3 × 10 −17 for ma 10 −4 eV, where t f is the first time that the full hadronic phase (after the QCD phase transition) was established.
I. INTRODUCTION
There have been increasing efforts to find out the QCD axion in the mass range 10 −5 eV ∼ 10 −4 eV [1] [2] [3] . This range corresponds to the so-callecd "invisible" axion [4] [5] [6] [7] which has survived until now. Usually, the axion search limit is presented in the axion-to-photon conversion rate (σ a→γ ∝ |c aγγ | 2 ) versus the axion mass m a (or the decay constant f a ) plane where the axion mass is the key parameter in determining the classical motion of the axion field. In these plots, the theory curves are simply the relations between the axion-photon-photon coupling |c aγγ | versus the axion mass and hence do not depend on the axion evolution history in the Universe. But, the experimental search limits in these plots are presented under the assumption that the axion contribution to the energy density of cold dark matter (CDM) in the Universe is about 27% [32] . So, it is of utmost importance to know the current axion energy density in the Universe as accurately as possible.
The shift symmetry directionθ (or a/f a ) is the direction of the global phase symmetry. If it were an exact symmetry, the so-called Peccei-Quinn (PQ) symmetry [9] , then the corresponding Goldstone boson would be exactly massless but as is well-known all global symmetries are always broken [10] . For the PQ symmetry, it is broken only by gauge anomalies always including the QCD anomaly and not anywhere else, especially not including breaking terms in the potential V . The breaking terms by the QCD anomaly gives mass to the axion as noted by Weinberg and Wilczek [11, 12] . The PQ shift symmetry is a chiral symmetry involving quark fields, u L,R → e ±iαu u L,R , d L,R → e ±iα d d L,R (or simply u → e iαuγ5 u, d → e iα d γ5 d), etc. This chiral symmetry is respected by the kinetic energy terms of the quark fields but is broken by the quark mass terms and is proportional to m u Λ whereθ = a/f a and Z = m u /m d . Note that in the q&g-phase the single particle parameters such as the current quark masses and Λ QCD are used and in the h-phase parameters of the many-body condensed phenomena are used. Note that Z is just a ratio descending from the high energy scale. So, the evolution of the "invisible" axion energy density requires the knowledge on the QCD phase transition below 1 GeV until the completion of the phase transition from the q&g-phase to the h-phase. Two of us considered this region carefully and concluded that the phase transition was completed by the time t f ≈ 63 µs corresponding to the cosmic temperature T f 126 MeV [15] .
In axion cosmology, the onset temperature T 1 of axion field oscillation is the crucial parameter, which is determined by the condition m a (T 1 ) = 3H(T 1 ) which is satisfied in the q&g-phase. Usually, T 1 is determined at around 1 GeV, and the subsequent axion oscillation has been studied. In Ref. [15] , it was argued that T 1 can be significantly different from 1 GeV.
If T 1 is given, one can calculateθ evolution in the Universe. There is the bottleneck period from t 1 (at cosmic temperature T 1 ) to t osc (at cosmic temperature T osc ) where t osc is some time when the anharmonic effect is negligible. The bottleneck period has been known before [17, 18] . T osc is above the critical temperature T c 165 MeV below 1 GeV. From t c (the time at the critical temperature T c ), the phase transition from the q&g-phase to the h-phase begins, which is completed at t f (at temperature T f ).
In this paper, we study the axion evolution equation in the bottleneck period
whereθ = a/f a , and subsequent decrease factor ofθ . In Sec. II, we set up the phase transition for chiral symmetry breaking and the decrease factor ofθ for the later sections. In Sec. III, we introduce the bottleneck period analytically as much as possible, and then present a numerical calculation of theθ evolution in the anharmonic regime until t f . In Sec. IV, we present theθ evolution in the h-phase, from t f until now. Section V is a conclusion
II. THE CHIRAL SYMMETRY BREAKING
It was considered that the QCD phase transition is of the first order in studies of axion cosmology [18, 19] , starting at cosmic time t i t c . In the lattice community, it seems that it was so. Long time ago, Ref. [20] concluded that a lattice calculation with two light quarks with mass 7.5 MeV allows the first order phase transition. About 10 years ago, Ref. [21] showed the first order phase transition in the region of two light quarks and massive strange quark in the m u,d − m s phase diagram, where it is stated explicitly, "It is numerically well-established the phase transition is the first order in the quenched limit, and there is strong numerinal evidence for first order in the chiral limit [20] ". Within this first order phase transition idea, the following energy density and pressure of three pions in the h-phase were used in the MIT bag model [19] ,
where B is the bag parameter. Recently, this view of the first order phase transition has been changed to cross over transition [22] where it was observed that the susceptibility does not increase as the volume increase, and the critical temperature is cited as 154 ± 1 ± 8 MeV. Since the hint of the cross over transition appears around 164 MeV [22] , we use the critical temperature T c given in [23] [24] [25] T c = 165 MeV.
A. Bubble formation rate
In a humongous Universe, phase transitions are not likely to occur instantaneously but are assumed to be processed by formation of bubbles and their expansion [26] . However, the field theoretic prescription [27, 28] is difficult to directly apply in the evolving Universe. Thus, this phase transition was replaced by the tunneling idea with a phenomenological Lagrangian with parameter in [29] . Recently, in Ref. [15] the bubble formation and expansion have been presented from the first principles, using the Gibbs free energy which is conserved during the phase transition [30] . The differential equation for the evolution of hadronic fraction f h , starting from size R i was given as where the initial condition is f h (t = 0) = 0. Since one size of bubbles are created in this effective description, it is consistent with the cross over phase transition: in the beginning the second order phase transition creating a typical size R i is effective and later many size bubbles are present as shown in right side of Fig. 1 behaving like the first order phase transition. The variables of Gibbs free energy are temperature and pressure. Conservation of Gibbs free energy in the phase transition requires the same temperature and pressure in the q&g-and h-phases; thus h-phase bubbles are formed at rest in the q&g-phase as shown in left side of Fig. 1 . Conservation of the Gibbs free energy enables one to calculate the pion pressure at the critical temperature [15] . Knowledge of the pion pressure at T c is used to define a phenomenological differential equation of f h given in Eq. (5), and α(t) is calculated [15] . The parameter C effectively parametrizes the overlapping portions in the expansion of bubbles. The above differential equation determines the completion of the phase transition by the cosmic time t f 63 µs (at temperture T f 126 MeV). We presentθ evolution with the QCD phase transition idea discussed above. In the expanding RD Universe, the initial bubble radius R i is increased to R i + t, and the voume to (R i + t) 3 , and the volume of the h-phase bubble expands with the rate 3/R(t) where R(t) = t + R i . Therefore, including the Hubble expansion, the fraction f h of h-phase is approximately described by Eq. (5). The temperature of pions is equilibrated with collisions of leptons and photons and hence after the phase transition, we use the cosmic temperature T rather than the pion temperature, for the evolution in the h-phase.
The time-temperature relation, in seconds and MeV units in the RD epoch, is approximated by
such that at the radiation-matter equality point around 3.15 × 10 11 s, the temperature is
where the radiation energy is
where g * = 43/4 is used. Note that H is given by
Below T eq , the evolution of radiation and CDM have different powers on cosmic time t, but theθ evolution behaves always like CDM and we can calculate its development directly from t f to t now .
After N axion oscillations from the time t f , time increases to t f + N m −1 a and the temperature drops in the RD Universe by the factor
and the Hubble parameter becomes
Let us find out how muchθ decreases in one oscillation. In the linear regime, the evolution ofθ satisfies
where
a and θ 0 is the solution without the H term. We neglect the part of the solution of O(
The homegeneous solution θ 0 starts from a cosine function at t = 0 and we consider one oscillation, δ = πm
a . The boundary condition we choose is θ 0 (0) = A, i.e. θ 0 (t) = A cos m a t andθ 0 (t) = −m a A sin m a t. The inhomogenious solutionθ in is given bȳ
For a large N 1, H N (t ) can be taken as a constant within the short interval,
At t = 0,θ
where we choose for one oscillation
such thatθ in grows from 0. Then,
where c 3 is not fixed.θ in grows from t = 0 to t = δ,
where we used (18) . So, the amplitude A decreases to A(1 − For N now oscillations from t f , we multiply the following N now factors to obtain the currentθ,
which cannot be performed in simple ways. A different method will be used in Sec. IV, after discussing the linearization regime before t f .
III. WAITING FOR LINEARIZATION REGIME: BOTTLE NECK PERIOD
Consider the evolution of axion field A = f a θ in the standard big Bang cosmology,
Once the linearization is realized, sin θ θ is used for its evolution. In the nonlinear regime, however, the linearization is no longer valid and a proper treatment is needed [18] . Namely, we must include the dissipation term, which postpones effectively the beginning of oscillation and lowers the temperature of the commencement time of oscillation. With the above sinusoidal form, let us introduce a conformal time τ (t) as a function of t such that the first derivative term of θ with respect to τ in the differential equation (2) is absent. Then, we obtain
where prime denote the derivative with respect to τ andτ /τ = −3H, and
Since the scale factor a(t) has a power law with respect to t in the radiation dominated (RD) and matter dominated (MD) universes, let us parametrize the Hubble parameter as H =ȧ/a = n/t. Then, We use the following t dependence ofm,
where denotes derivative with respect to τ . In this section, we introduce the bottle neck period analytically, starting with a constant mass. In the following two subsections, we discuss the evolution for a constantm, firstly on the harmonic solution and second on the asymptotic analytic solution. Then, In Sec. IV, the time dependence of m is used.
To the linearization regime with constantm
Before considering the τ dependence ofm, let us consider it a constantm to acquaint with the bottle neck period. When θ falls down to a sufficiently small value, we can approximate sin θ θ, and Eq. (26) is simplified to θ +m 2 θ = 0. (27) In the limit τ → −∞, θ approaches to a constant θ 0 . The linearization solution is to disregard this constant and we expand the linearization solution as descending functions of θ k
Assumingm(τ ) is sufficiently small compared to τ −1 , we obtain recursion relations,
and the Neumann series solution is (36) is shown with the red color. It is compared with the numerical solution (in blue) of [31] and a solution for the harmonic potential (in gray), staring in the anharmonic regime θ0 = 0.99π at T = 1 GeV.
FIG. 2: Equation
Since θ 0 is taken as a constant, θ k (τ ) can be expressed as a multiple integral,
For n > 1 3 , with α = 1/(3n − 1), θ k is given by
By Mathematica, one can sum the series to find the hypergeometric function of the first kind,
2. Approximate solution in the (anharmonic) nonlinear regime
With the trick shown above, let us now study the region with a large value of θ 0 , i.e. in a deep anharmonic regime,
Then, sin(θ 0 + k=1 θ k (τ )) sin θ 0 + cos θ 0 k θ k . Thus, the recursion relations are
An asymptotic solution in the linear regime is expressible in terms of a hypergeometric function,
Two solutions given in Eqs. (33) and (36) are shown in Fig. 2 , in gray and red colors, together with the numerical solution of [18] . We can express the solution in the entire region by two hypergeometric functions by joining two at a reasonable θ k where the analytic solutions almost match the numerical solution.
IV. NUMERICAL SOLUTION FOR THEθ EVOLUTION
In fact, the bottle neck effect is more pronounced than that commented for a constantm in the previous subsection. As temperature is increased, the axion mass tends to zero very fast, which implies a much longer period for one oscillation. In other words, as temperature drops, the oscillation period becomes shorter and shorter. This behavior is shown in Fig. 3 for m a = 10 −4 eV, starting with θ 1 = 0.99 π. This is because of the high power temperature dependence of the axion mass: m a ∝ T −8.2 . Between the ρ meson mass scale and T c , we used the phenomenological power ∝ T −4.403 to match smoothly to the zero temperature value at T c [15] . The numerical solution is shown in Fig.  3 . We note that from the first maximum the anharmonic effects are negligible and we conclude that the bottleneck period has been finished after the first maximum.
In Ref. [15] , the axion mass dependence ofθ during the QCD phase transision has been given as
In Eq. (21), the number of multiplication factors for cosmologically interesting axions was shown, which cannot be calculated by direct computation. For m a 10 −4 eV, the axion field oscillation is 152 GHz, having oscillated ≈ 0.65 × 10 29 times until now. We need to find out a method to deal with this huge number of oscillations. After t f , the evolution equation (22) can be approximated by the linear differential equation
Equation (38) has a symmetry
So, if we derease the axion mass by a factor 10 −n , the needed number of oscillations will be decreased by a factor 10 −n . Then, the calculatedθ must be 10 +n times larger than the unit in the previous oscillation. Let us choose n = 2. Even though the linear equation (38) is useful to observe the factor increase ofθ shown in Eq. (39), we solve the exact equation numerically, rather than solving Eq. (38). This method of decreasing the axion mass is confirmed in Fig. 4 where two evolutions with two different axion masses differing by the factor 10 2 are shown. In Fig. 4 , the reference time points are marked from P 1 to P 14. P 1 is the point at T 1 , and CP is the point at the critical temperature. The factor increase from P 2 to P 14 are by 10 2 . From the point P 4 to P 5, theθ evolutions corresponding to axion masses 10 −12 eV and 10 −14 eV are explicitly presented. In the lower part of Fig. 4 , theθ scale in the y-axis is logarthmic. 
FIG. 4: Comparison ofθ evolutions for axion masses of 10
−12 eV and 10 −14 eV. In each step between the points from P 2 to P 14 are differing by 10 2 . CP is the point at the critical temperature. P 1 is the point at T1. In the lower part, the orange curves are overlapping in our thickness of curves, and the unit of the horizontal axis is in seconds and the vertical value forθ is in the log scale.θ oscillation is calculated in the orange region with ma = 10 −12 eV and in the red region with ma = 10 −14 eV. The oscillation figures in the overlapping region shown as the lavender bar between P 4 and P 5 are used in our calculation. This process of overlapping is continued from the steps [P 1 and P 2] to [P 13 and P 14].
We repeat this process of decreasing axion mass using n = 2 in each step and find out the increasedθ at the present time t U 4 × 10 17 s, which is shown in Fig. 5 . In this way, forθ 1 = 1 and m a = 10 −4 eV we obtain, θ now θ f 3.07758 × 10 −17 .
Thus, we obtain r now/1 6 × 10 
where we included the χ decrease factor 2 in the exponent. Equation (41) can be compared to the current critical energy density ρ c 10 −11 eV 4 . If 27 % of critical energy density is QCD axions, we needθ 1 10 −3 and 3 × 10 −5 , respectively, for f a = 10 11 GeV and 10 12 GeV. These numbers prefer higher axion masses compared to the previous estimates [32] . This study may alleviate the tension created by the axions created from the string-wall system [33, 34] .
V. CONCLUSION
The evolution of misalignment angleθ after passing through the bottle neck period is calaculated. Knowledge of this evolution is crucial to determine the current energy density of cold axions. The onset ofθ oscillation after the initial valueθ 1 at temperature T 1 , satisfying m a (T 1 ) = 3H(T 1 ), undergoes a bottleneck period which occurred during the QCD phase transition. In addition, the anharmonic coupling of order a 4 affects theθ evolution. The time t osc that the anharmonic effect is negligible is taken as the onset of the first oscillation after the bottle neck period. From that time, the finishing time t f of the cross over phase transition was calculated before [15] . We calculate the evolution ofθ now from t f based on our observation of the symmetry (39) with the ratio O(10 −17 ) presented in Eq. (40). This enables us to estimate the axion energy density in terms of the initial misalignment angleθ 1 .
